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CHAPTER I 
SELECTION OF TEE PROBLEM 
Statement of the problem: -- The subject of shortcuts 
came up in a class in the teaching of secondary mathematics 
conducted by Dr. Henry W. Syer of the Bostoa University 
School of Education. During the discussien it ~ecame evident 
that, if such a book existed, the persons present had no 
knowledge of any reference listing useful mathematical 
shortcuts. Further, the class was in agreement that such a. 
collection would be helpful to both the teacher and student 
of mathematics. 
Thus the primary purpose of this effort is te assemble 
a collection of as many useful shortcuts as can be 
discovered. 
In existing literature shortcuts are normally presented 
without proof. Another purpose of this thesis is to include 
proofs where necessary for complete understanding. 
The final aim is te suggest to the teacher how shortcuts 
may be used in the classroom. 
Definition of terms: .;.._A shortcut is defined as a. 
method of computation which results in obtaining the desired 
answer more quickly than by computing by conventional 
methods. Conventional methods are those employed in the 
mathematics courses taught in grade and secondary schools. 
Boston University 
School oflEducation 
LibrarY. 
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The term useful means that the shortcut is practical in that 
it can be used in conjunction with computations in the 
classroom as well as in everyday living. This definition 
excludes methods used to demonstrate feats of memory and 
rapid calculations using large numbers as being too 
complicated and specialized.· 
Importance of the problem: -- The f0llowing indicate the 
importance of the problem: 
The present literature on sh0rteuts is deficient in 
that no complete treatise is available and thus there is a 
need for a complete collection which contains proofs. 
If mental arithmetic is to have a more prominent 
place in the curriculum, then, as shortcuts play an important 
part in mental arithmetic, a collection of shortcuts would be 
a valuable reference for the teacher. 
A knowledge of shortcuts would enable the teacher 
to extend his capa~ility of computing more quickly than the 
student. 
A knowledge and frequent use of shortcuts would 
result in student questions which would engender profitable 
mathematical discussion. 
An introduction of the student to the field of 
shortcuts wil.l aid in the continual attempts to provide 
motivation. 
A study of the proofs of shortcuts enhances the 
2 
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understanding of_the principles of our number system. 
The knowledge and use of shortcuts will reduce the 
time spent on the mechanical process or computation in those 
cases in which the drill is not important. 
Method of presentation: -- The shortcuts presented in 
tbis work are listed under three chapter headings. As there 
are only a few, shortcuts in addition and subtraction are 
combined into one chapter. The rest or the items are 
contained in a chapter on multiplication and another in 
division. All of the items are presented in the same manner 
according to the following format: 
Type: A description of what the shortcut 
simplifies. 
Rule: A statement of the steps followed in using 
the shortcut.· 
Formula: An algebraic statement of the Rule. 
Proof: Algebraic proof that the shortcut works. 
May be combined with the Formula. Is omitted altogether in 
some items. 
Example: One or more applications of the shortcut. 
3 
CHAPTER II 
REVIEW OF LITERATURE 
The:actual finding o~ shortcuts and their literature 
turned out to be an interesting problem. As the term does 
not appear in the Education Index,l it was ~irst necessary 
to think o~ headings which might deal with shortcuts and then 
search under them ~or material. As it turned out, almost all 
o~ the use~ul literature was written under the heading o~ 
mental arithmetic. However, be~ore considerin~ this subject,~ 
a brie~ discussion of the other areas is appropriate. 
The subject o~ recreational mathematics provided only 
a little literature. An examination o~ many books and 
pamphlets in which 1'~un'' was in any way assoeiated with 
mathematics revealed that only rarely was the shortcut 
discussed. Bakst 2 discussed a ~ew short methods in 
multiplication and showed how they could be justified by 
algebra. The normal approach in the recreational ~ield was 
to discuss th~ achievements o~ professional entertainers 3 
who per~orm complex mental gymnastics ~or the amusement o~ 
audiences. This area did produce, however, an important 
1 Education Index, H. W. Wilson Co., New York • 
. P 
2 A. Bakst, Mathematics: Its Magic and Mastery; N.Y.: Van 
Nostrand, 1952, pp. 150-7. 
3 Ibid., p. 125. 
4 
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reference. 1 This excellent bibliography proved to be of 
great assistance as the majority of shortc~ts in this thesis 
were f'ound in references listed under the heading, "Rapid 
Calculation-- Mental Aritb.metieu. 
The subject of approximation was examined. This sumjeet 
was generally discussed under two headings - estimation and 
approximate calculation. The process of estimation results 
in answers close enough to the true answer to meet the user's 
needs. It can be aceomplished in numerous ways and does not 
follow specific procedures.. .A shortcut could be used in 
arriving at an estimated answer, but the fact that an answer 
is reached more quickly by estimation than by exact 
computation does not operate to make estimation a shortcut 
method. The handling of approximate numbers is an exact 
science, and while the methods will eliminate computations 
and thus save time, it is aot in itself a shortcut method. 
Thus approximation was eliminated from further consideration. 
An examination of many arithmetic, general mathematics 
and algebra texts indicates that the subject of shortcuts is 
not included in the books used in classes below the college 
level. In books written for teachers and college students, 
the subject is covered to some extent by a few authors. The 
1 w. L. Schaaf, Recreational Mathematics; Washington, NCTM, 
1955, p. 29. 
5 
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earliest reference found is a book first published in 1916.1 
Short cuts have not as yet attained their place of 
importance in arithmetic because teachers are not 
convinced of their worth. Too often they are regarded 
as numerical tricks devoid of sound mathematical basis. 
In reality the values of short cuts are many and far 
reaching. 
Value of Short Cuts -- 1. Economy of Time. -- The 
obvious value of a short cut is its ability to reduce 
the time and the labor required in mechanical processes. 
But the important fact to remember in problem work is 
that the time and effort so economized make it possible 
to solve more problems and to give greater practice in 
the thought phases of arithmetic. 
2. Added interest in Mechanical Processes. -- In 
the solution of problems interest is usually experienced 
in planning the solution and in obtaining the result, 
but never in the mechanical computations. Short cuts 
tend to make these very mechanical operations 
interesting by introducing into them a variety of ratios 
and thus injecting into them a rational element. In 
multiplying 5423 by 279, there is .no interest in 
multiplying by 9, by 7, and by 2, and then adding the 
partial products. Instead of following the long 
process, teach children to multiply 5423 by 9 and then 
to multiply the partial product by 3, because 27 is 3 
times 9, -)(- -:(- * . To discover that 3 times the partial 
product is the same as 27 times the multiplicand gives 
an application. of the ratio ~dea of number that lends 
interest to this mechanical operation. * -l*- -:i-
3. A Deeper Insight into Number. -- The preceding 
illustration shows conclusively that comprehension and 
application of short cut.s give the pupil a deeper 
insight into number relations and ratios. 
Every short cut gives deeper understanding of relations 
existing among numbers and shows more clearly the force 
of the ratio conception of number. 
4. Greater skill in Manipulation. -- A value of 
short cuts which comes as a sequel to the deeper 
1 Paul Klapper, The Teaching of Arithmetic; New York, D. 
Appleton and Co., 1921, p. 209. 
'I 
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appreciation of number relations is increased skill in 
every variety of manipulation. Each illustration 
already quoted shows clearly that greater dexterity 
follows in the wake of the use of short cuts. 
Boyer 1 lists a few .shortcuts in multiplication and a few 
rules for divisibility and later shows how algebra is used 
to prove them. Larsen 2 gives examples of shortcuts and 
explains how they work but does not offer proofs. In 
general the·textbook has little to offer on the subject of 
shortcuts. ·They are merely listed, proofs are lacking and 
recommendations for teaching are not included. Thus, aside 
from Klappan's discussion, textbooks have contributed little 
to the literature of the subject. 
Numerous· books are on the market, usually paper bound 
or in pamphlet form, dealing with the subject of making 
mathematics easy. This literature was not useful. 
In mathematics magazines, under regularly featured 
departments dealing with motivation, enrichment, hints to 
teachers, etc., miscellaneous shortcuts have been found. In 
such cases the author offers the item for whatever use the 
reader wishes to make of it. Sometimes proofs are presented 
and often the proof is left to the reader. Like the 
textbook, this area was useful mainly in locating items. 
1 L. E. Boyer, Introduction to Mathematics for Teachers; 
N. Y., Henry Holt and Co., 1949. 
2 H. D. Larsen, Arithmetic for Colleges; N. Y., The 
MacMillan Co., 1950. 
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The most useful topic obtained from Schaaf's 
bibliography was 11 mental arithmetiett. Almost every author 
dealing with this topic brought the subject of shortcuts 
into the discussion. It is appropriate, therefore, that 
this area be examined in some detail. 
Writing in the Mathematics Teacher, 1 Brown summarizes 
the historical significance of the importance of mental 
arithmetic. 
The mental arithmetic theme is not a new one. 
Emphasis o~ the importance of mental arithmetic - that 
is, computation without the use of pencil and paper -
can be feund in the literature of any period. 
David Eugene Smith said in his book, published in 
1909, 'The ordinary parchase of household supplies 
requires a practical ability in the mental arithmetic 
of daily life •• ~ Therefore, it will not do ••• to 
drill children only in written arithmetic if we exp~ct 
them to be reasonably ready in purely mental work.' 
And ten years later, Guy M. Wilson reported in his 
study published as a Teacher's College Contribution, 
t • s • This study shows that adults do not figure 
through complete situations, such as budgeting the 
family income, determining by careful estimates in 
advance, the desirability of buying a 3carload of steers and finishing them for market • • • ' ' 
Wilson's implication here is one that is borne out 
1 Gerald Brown, HAn area of neglect in the study of 
arithmetic- mental arithmeticu, The Mathematics Teacher; 
Vol. 50:166 (February 1957). 
2 David Eugene Smith, The Teaching of Arithmetic (Boston: 
Ginn & co., 1909), p. 55. 
8 
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daily in our own experience - that the arithmetic o~ 
daily life, the arithmetic of the mathematically 
literate citizen, is not primarily the arithmetic of 
pencil and paper computation, but a form of mental 
computation which is at times accurate, but probably 
more often approximate. 
The importance of mental arithmetic in everyday affairs 
was the subject of an experiment introduced as follows: 1 
Emphasis on mental arithmetic has varied 
considerably during the nineteenth and twentieth 
centuries. Prior to 1821, mental arithmetic had little 
or no status in the curriculum. 2 From 1821 until the 
early years of the 1900's mental arithmetic maintained 
a status in our schools that was equal to, if not 
greater than written arithmetic. From the early 1900's 
to the present, mental arithmetic practically 
disappeared ~rom the curriculum. However, a movement 
has been started recently, which is gaining impetus at 
present, to reestablish in the curriculum mental 
arithmetic with emphasis on making it meaningful.3 
A vital issue in this field has been of long 
standing interest to this writer. What uses are made 
o~ mental arithmetic in the life outside the school? 
The present study was concerned with a segment of this 
large problem. 
Hall queried one hundred and twenty-six business men and 
women engaged in businesses representing 62 occupations in 
Ellensburg, Washington, .with the following results: 
The mean percentages of one dayts arithmetic 
problems which were solved entirely mentally by 
business men and women was 40.20 percent 
1 Jack V. Hall, Business Uses of Mental Arithmetic in Ellens-
burg, Washington, Field Study No •. l,.Doctor•s Dissertation 
1951; Colorado State College of Education, Greely, Colorado. 
2 Catherine Stern, Children Discover Arithmetic; New York, 
Harper Brothers, 1949, p. 23. 
3 Gertrude H. Hildreth, Learning the Three Rrs; Minneapolis, 
Mlnnesota; Education Publishers, Inc., 1947, p. 750. 
9 
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Mechanical computing devices have not replaced 
the need for mental arithmetic, especially in small 
businesses. The implication for the arithmetic 
curriculum is: Arithmetic problems to be solved 
mentally should be included in the curriculum and 
the pupil should be taught to solve these problems 
through sensible use of number relationships. 
When solving arithmetic problems mentally, the 
rank order of use of the four fundamental eperations, 
as determined by the percent of the persons who used 
the process most and next to most, was as follows: 
(1) addition, 99.11 percent; (2) multiplication, 81.25 
percent; (3) subtraction, 16.07 percent; (4) division, 
2. 68 percent. 
The mean of percentages of all problems which 
were solved mentally tnat involved approximations was 
38.84. The arithmetic curriculum should provide for 
occasional practice in making rough mental estimates 
with rounded numbers which are later verified. Fifty-
three, or 47.32 percent of the persons reporting use 
shortcuts to a greater or lesser extent in solving 
arithmetical problems mentally. 
*** Other conclusions concerning shortcuts were: 
( 1) They saved time but increased the number 
of steps • 
. ·· (2) Multiplication and addition were used 
somewhat more than subtraction .. 
(3) Division was seldom used. 
(4) The same shortcut was seldom used by 
several persons. 
(5) Those who used shortcuts showed 
understanding of number relationships. 
Shortcuts are not recommended in the elementary 
school although the secondary schools should make some 
use of them. 
Brown f .. discusses a :more recent survey. 
That mental arithmetic has extended application 
in practical affairs is no~ a matter of personal 
opiniop. It has been verified at various times in our 
1 Opus cit. 
10 
'I I 
I' ,! 
research, by Wilson as early as 1919, in the study 
referred to earlier, and as recently as this year at 
Los Angeles State College, where a study is underway 
to investigate the uses of mathematics by adults in 
their everyday activities. A sample, taken·at random 
from the large number of cases in the study, shows 
that 77 percent of the arithmetic computation performed 
by this group was performed mentally. 
Glennon and Hunnicutl ask: 
What is the place of mental arithmetic? 
Mental arithmetic, as reflected in textbooks, has 
had an interesting history in the past century and a 
half. Its emphasis or de~emphasis at various periods 
has been due to such factors as the scarcity or 
availability of writing materials, the prevailing 
psychology of learning (mental discipline, then 
connectionism), and, most recently, the increasing 
acceptance of the meaning theory of learning and 
teaching of arithmetic. · 
At the present time programs of systematic 
instruction in mental arithmetic are receiving 
increased emphasis in textbooks and in classroom 
practices. This is not to say, of course, that mental 
arithmetic should replace pencil-and-paper work; 
rather mental arithmetic should complement other 
arithmetic experiences. Because so much of the 
arithmetic that we do during the day can be classed 
as mental arithmetic, the teacher can feel confident 
that a systematic program of instruction in this area 
is a very desirable aspect of the total arithmetic 
program of the modern school. 
Risden2 says that the 11 School Arithmetic 11 she learned 
involved abstract problems and as a result, although she 
1 Vincent J. Glennon and C. W. Hunnicutt, What Does Research 
Say About Arithmetic?; Association for Supervision and 
Curriculum Development, National Education Association, 
1952, p .. 27. 
2 Gladys Risden, ttEvery Teacherrs Guide to Mental Mathtr, 
Clearing House; Vol. 24:-209 (December, 1949). 
11 
passed, she did not retain facility in the fundamental 
operations of arithmetic. She.claims that "Life Arithmetic" 
problems dealing with everyday situations should be 
emphasized, and that the teaching of simple methods such as 
multiplying 7 by 18 by thinking seven 20's less seven 2's 
children can be encouraged to apply this thinking to everyday 
problems encountered outside the school thus making for a 
better understanding and retention of this knowledge. 
Petty introduces a study 1 by 
One further hears the contention that extreme 
emphasis on the pencil-and-paper type of arithmetic 
has created the following undesirable practices and 
situations in the arithmetic program: * -r" {~ * 
and complete lack of, or less efficient use of, 
ushort-cuts". 
and in a discussion of the question as to the overemphasis 
of pencil-and-paper type of arithmetic 2 says 
A fifth condition that may result from too much 
emphasis on pencil-and-paper arithmetic is the complete 
lack of, or a less efficient use of, "short euts" in 
solving problems •. ·As already indicated, children 
should be encouraged to make use of approximations, 
rounded numbers and significant numbers while solving 
problems. A continuous presentation of the printed 
statement of the problem while solving it with the 
use of pencil and paper would hinder the development 
of the above indicated· abilities. 
In conclusion the author warns against overemphasis of 
1 Olan Petty, 11 Non-Pencil-and-Paper Solutions of Problems 
An Experimental Study", Arithmetic Teacher; Vol. 3:229 
(December 1956). 
2 --------- nLay That Pencil Downl", Grade Teacher; 
Vol. 74:57+ (May 1957). 
12 
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pencil-and-paper type arithmetic, and recommends special 
periods devoted to mental arithmetic. 
Teachers should make a collection of proiDlems, 
examples and other material that would be used in 
this period of oral or 11 mental 1~ arithmetic. 
The idea of the written problem interfering with the 
development of mental abilities is .further explained by 
Hildreth. 1 
In their simple arithmetic computations, most 
children are too much dependent on pencil and paper, 
on writing down problem and answer. Most of the 
everyday calculation that adults make must be done 
11 in the head" and 11 on the spur of the moment 11 • To 
make acquisition of arithmetic skill more simple and 
natural, experts advocate a return to old-fashioned 
mental arithmeticJ to thinking in terms o.f problems 
without pencil and paper. Benezet (3) recommends . 
.for the period before fifth grade no arithmetic 
problems which cannot be worked in the head, none o.f 
which must be "written downtt. The latter are too 
difficult for children in the fourth grade and below. 
This provision will make arithmetic less a challenge 
to memory, more a challenge to intelligence. Getting 
away from pencil and paper helps the child to 
concentrate more directly on the number terms, and 
prevents the dallying with numbers that "writing out" 
encourages. Working problems uin the head" encourages 
conversation about the problems and stimulates the use 
of judgement in verifying answers through estimating. 
In a later article 2 Hall says 
It is signi.ficant that the return o.f mental 
arithmetic has been characterized by a totally 
1 Gertrude Hildreth, Learning the Three R's; Minneapolis-
Nashville-Philadelphia: Educational Publishers, Inc., 
1947, P• 750. 
2 .Jack V. Hall, "Mental Arithmetic: Misunderstood Terms and 
Meanings", Elementary School Journal; Vol. 54:349 
(February 1954) .. 
13 
different point of view. Rather than a vehicle for 
purposeless drill on the rapid solution of many 
examples, as supported by the doctrine of mental 
discipline, modern mental arithmetic is being geared 
to (1) functional problem situations, including those 
requiring approximate and exact answers; (2) an 
increasing understanding of the place value and of 
ten as the foundation of our number system; (3) an 
awareness of number relationships in the discovery 
of acceptable short cuts, once the conventional 
procedure is understood; and (4) recreational 
exercises~to motivate and enrich number experiences. 
In an article about the lack of arithmetic knowledge of 
elementary teachers, Schaaf 1 suggests a content course for 
improvement of teacher training. It is possible that this 
lack could apply to secondary teachers as well. 
IIIa Computation 
A. ~C~f** 
B. Analysis of Theory of Computation 
1. Addition; checks, shortcuts, etc. 
2. Subtraction; checks, shortcuts, etc. 
3. Multiplication; checks, shortcuts, etc. 
4. Division; checks, shortcuts, etc. 
1 William L. Schaaf, "Arithmetic for Arithmetic Teachers", 
School Science and Mathematics; Vol. 53:537 (October 1953). 
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CHAPTER III 
SHORTCUTS IN ADDITION AND SUBTRACTION 
Type Combinations addillg to 10 
Rule Add 10 for each set of numbers whose sum is 
easily identified as 10. 
Examples 9 One would add: 
~J 9, 19, 29, 37, 47, 52 i) 
3 
i) 
6731 Ome would add: 
4149 10, 20, 24, Write 4 carry 2 
7264 Combine 2, 3 and 5 
9297 10, 20, 29, Write 9 carry 2 
3853 10, 10, 22, Write 2 carry 2 
31294 10, 20, 29, 31 
15 
Type 
Rule 
Formula 
and Proof 
Example 
Type 
Rule 
Formula 
and Proof 
Example 
A borrowing method 
Change one number to a more convenient number; 
add. 
a + b ... (a + c) + (b - c) 
485 
247 
'732 
Add 15 to get 500 
SubtraQt 15 to get 232 
Add 732 
Changing num®ers in subtraction 
Add the same number to tbe minuend and the 
subtrahend. 
a - b = (a + e) - (b + c) 
413 
- 188 
225 
Add 12 to get 425 
Add 12 to get 200 
Subtract 225 
16 
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Type 
Rule 
Examples 
Converting subtraction to addition 
Determine what must be added to the subtrahend 
to get the minuend. 
418 
- 239 
"" 179 
895 
-
216 
-
145 
= 534 
+ 
+ 
-
239 
? 
418 
216 
145 
? 
895 
To 9 add 9 to get 18 (Carry 1) 
To (3 + l) add 7 to get 11 
(Carry l) 
To (2 ~ l) add l to get 4 
179 
To (6 + 5) add 4 to get 15 
(Carry l) 
To (l + 1 + 4) add 3 to get 9 
To (2 + 1) add 5 to get 8 
534 
., 
I 
17 
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Type. 
Rule 
Formula 
and Proof 
Examples 
CHAPTER IV 
SHORTCUTS IN MULTIPLICATION 
Multiplying by faetors 
If the multiplier is the product of easily 
recognized factors, multiply tae multiplicand 
by one of the factors and this result by the 
other factor. 
a(bc) ... (ab)c 
( 827) ( 24) *"' ( 8327 ) D._:;){~ 
... fuz7) (~ (4) 
... (4962)(4) 
• 1984$ 
(827)(24) "" (827) fuH3j1 
= [s27 HS] (3) 
"" (6616)(3) 
= 19848 
18 
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Type 
Rule 
Formula 
Proof 
Example 
The breakdown method 
Break up the multiplier into numbers which can 
be multiplied mentally; multiply by each o~ 
the numbers; add or subtract results. 
K(M) : K(M + a) - Ka 
.. K(M - a) +Ka 
or 
K(M) : K(M) + K(a) - K{a) = K(M + a) - K(a) 
(573)(38) = lij73)(38 + 2) - (373)(@ 
... {1_373)(40) = (373)(~ 
=. ~4920 - 743 
.., 141'74 
I! 
!I 
1 19 
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Type 
Rule 
Formula 
and Proof 
Examples 
Multiplying by the double and half method 
Multiply one factor of a product by a constant 
and divide the other factor by the same 
constant leaving the product unchanged. 
ab = ( §) .( 2b ) 
(24)(3~) ~ ( ¥) ll2> Hn . (12)(7 > ~ 84 
p 
'! 
(440)(2~) ~ c~:o) D4) ~ill ... (110) (10) ... 1100 I 
(2s)(2~} • (~s) D4) (2~1) ... (7) (11) = 77 
( 140 ) ( 37 ) ... ( 12~0) D 20 ) ( 3~ ~ ( 7 )( 7 40 ) • 5180 
"" ( 31) ( 5 ) "" 155 
20 
Type Multiplying by multipliers in which one part is 
an exact multiple of the rest of the number 
Rule Multiply the number by one part of the 
multiplier; multiply this result by the exact 
Formula 
Examples 
One would 
write: 
multiple; add the results. 
Represent the multiplier by (lOa +b) where lOa 
is a multiple of b or by (lOOa + lOb + c) 'where 
(lOb + c) is a multiple of a. 
N(lOa +b) = N(b) + (l~a) N(b) 
N(lOOa + lOb + c) ~ N(lOOa} + ~lOb/ o) N(igga~ 
< 234) (84) ... c 234) c 4) + ( ~0 ) E234) c 421 
= 936 + 20(936) 
= 936 + 18720 
= 19656 
(431){312) = (431)(100){3) + [:(~2) (43l)ig~2)(3~ 
234 
84 
936 "" 
18720 "" 
19656 
., 129300 + ( 4) ( 129300) 
100 
... 129300 + 5172 
"" 134472 
( 4) { 234) 
{20) (936) 
Add 
431 
312 
129300 
5172 
134472 
... 3(431)100 
"" (4)1293 
Add 
I 
I 21 
Type 
Rule 
Formula 
Proof 
Examples 
I 
I, 
Cross multiplication of two digit numbers 
(a) Multiply the unit digits for first figure in 
answer, carry any excess over 10; (b) add any 
carryover from (a) to the sum of the two products 
obtained by multiplying each unit digit and the 
other tens digit for the second figure, carrying 
excess over 10. {c) Add any excess from (b) to 
the product of the tens digits for the last two 
numbers of the answer. 
{lOa+ b)(10c +d) ~ bd + lO(bc + da) + lOOac 
(lOa + b) (lOe + d) = lOOac + lObe + 10da + bd 
= bd + lO(bc + da) + 100ac 
(34)(56) ... (24) + 1084)(5) + (6){3D + 100(3)(5) 
= ( 24) + 10 U.zo) + ( 18 D + 100 ( 15 ) 
52 
67 
-
3484 
= 24 + 380 + 1500 
= 1904 
(7 )(2) 
(7)(5) 
35 + 
(5)(6) 
"" 14 Write 
... 35' (2) ( 6) 
12 + 1 "" 48 
s 30, 30 + 4 
4 carry 1 
"" 12, 
Write 8 carry 4 
= 34 
II 
I 
22 
'I 
I 
I 
I 
I 
I 
Type 
Rule 
Formula 
Proof 
Example 
I 
'• 
II 
:I 
II 
!I 
I 
I 
To multiply two-digit numbers ending in'5 if 
sum of tens digits is even I 
To t~e product of the tens digits add half their 
1
1!. 
sum and annex 25. 
I (lOa + 5) (lOb + 5) = 100 ( ab + a ~ b) + 25 
(lOa + 5) (lOb + 5) ... lOOab + 50 a + 50b + 25 
= 100 ( ab + a ~ b J + 25 
( 35 )( 95) ... 100 B 3) < 9 > + ( 3 ; 9 ) J + 25 
= 100(27 + 6) + 25 
= 100(33) + 25 
... 3325 
I 
! 
I II 
I' 
23 
Type To multiply tw0-digit numbers ending in 5 if 
sum of tens digits is odd 
Rule To the produet ef the tens digit add half their 
Formula 
Proof 
Example 
sum decreased by one and annex 75. 
(lOa + 5) (lOb + 5) ,. 100 ( ab + a + ~ - 1) + 7 5 
(lOa + 5) (lOb + 5) = lOOab + 50a + 50b + 25 
= 100 (ab + a + ~ 1 + ~) + 25 
= lOG> (ab + a + ~ - 1 ) + 50 + 25 
= 100 ( ab + a + ~ - 1) + 7 5 
(45) (75) = 100 D4)(7) + (4 ; 7 )] + 75 
= 100(28 + 5) + 75 
• 100(33) + 75 
= 3375 
'l 
i 
! 24 
i 
I 
I. 
Type Multiplying teens 
Rule To the product of the unit digits add 10 times 
Formula 
Proof 
Example 
the sum of one unit digit and the other number. 
( 10 + a) ( 10 + b) .,. ab + 10 G + ( 10 + b U 
= ab + 10 Lb + ( 10 + aU 
( 10 + a) ( 10 + b ) = 100 + lOa + lOb + ab 
= ab + 10 ( 10 + a + b ) 
= ab + 10 [a + ( 10 + b )] 
(18)(17) - (10 + 8)(10 + 7) 
... 56 + 10 Ds + 17] 
= 56 + (10) (25) 
= 56 + 250 
= 306 
or 
II 
1 25 
II 
I 
!. 
Type Multiplying two digit numbers whose tens digits 
are alike and whose unit digits add to 10 
Rule Multiply the tens digit by ene more than itself 
Formula 
Proof 
Example 
and annex the product of the unit digits. 
If \i:_+v= lOJ 
(lOt +u)(lOt + v) ,.. 100 ti c t + 1 D + uv 
(lOt + u) (lOt + v) = 100t2 + lOt (u + v) + uv 
== 100t2 + lOt(lO) + uv 
= 100 &2 + t] + uv 
= 100 \!<t + 1I) + uv 
( 33 ) ( 37 ) zs 100 li 3) ( 4] + 21 
1C 1200 + 21 
= 1221 
)I 
I 26 
I 
I 
I 
ll 
Type Mu1 t:iplying mixed numbers with identical whole 
numbers and fractions adding to 1 
Rule To the product of the fractions, add the product 
obtained by multiplying the whole number by one 
more than itself. 
Formula 
Proof 
Example 
If f+ g = 1 
(N + f) (N + g J = N(N + 1) + fg 
If f + g = 1 
(N + f) (N + g) = N2 + N(f + g) + fg 
= N2 + N + fg 
= N(N + 1) + fg 
(9 + ~)(9 + ~)= 9(10) +It= 90 tG 
II l 27 
I 
t 
I 
I 
I 
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Type 
Rule 
Formula 
Proof 
Examples 
Multiplying by exact multiples of 9 
To multiply by a number which is a~ exact 
multiple of 9 multiply by the next higher 
1 decade a~d subtract 10 the result. 
9N = lON lON 
- 10 
lON - lON = lON - N = 9N 10 
(643)(72) = (643)(80) - (643)(80) 
10 
= 51440 - 5144 
= 46296 
( 215) ( 27) ,.. ( 215) ( 30) - ( 215) ( 30) 
10 
= 6450 - 645 
== 5809 
I 
II 
.I 
I' 
·I I~ ,, 
I! 
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Type 
Rule 
Formula 
and Proof 
Example 
Type 
Rule 
Proof 
Example 
To multiply by 11, Method I 
Multiply by 10 and add the number. 
N(ll) = ION + N 
695(11) = 10(695) + 695 
= 6950 + 695 
.., 7645 
Multiplying by 11, Method II 
(a) Write first digit for first figure in answer; 
(b) add first and second digits for second figure 
carrying if sum is over 10; {c) add second and 
third digits and any number carried for third 
figure carrying if sum is over l®; after the last 
digit has seen added to the preceding digit, 
write the last digit plus any number carried for 
the final digit of the answer. 
This method adds the partial products directly 
without writing them. 
11(59876) = 658636 
29 
Type To multiply complements of 50 
Rule Subtract either complement from the other number, 
multiply the result by 50 and add the product of 
Formula 
Proof 
Example 
the complements. 
(50 - a) (50 - b) = D5o- a) - b] 50 + ab 
= Q5o - b) -a] 50 + ab 
(50- a)(50- b) = (50) 2 - 50a- 50b + ab 
= [<50 a) - b] 50 + ab 
(48)(38) = (48- 12)50 + 24 
= (36)50 + 24 
= 1800 + 24 
= 1824 
or 
30 
Type Multiplying supplements of 50 
Rule Add either supplement to the other number, 
Formula 
Proof 
Example 
multiply the result by 50 and add the ~roduct 
of the supplements. 
(50+ a)(50 +b) = l! + (50 +b~ 50 + ab 
... ~ + (50 +aU 50 +·ab 
(50 + a) (50 + b ) = (50) 2 + 50a + 50b + ab 
= 50 (50 + a + b) + ab 
= [b + ~50 + a)] 50 + ab 
(53)(61) = (3 + 61)50 + (3)(11) 
= (64)50 + 33 
= 320 + 33 
m 353 
or 
I' II 
II 
r 
31 
Type 
Rule 
Formula 
Proof 
Example 
Multiplying numbers between 100 and UO II 
To the sum of the unit digit and the other number 
annex the product of the unit digits. 
( 100 + a) ( 100 + b) -= [a + ( 100 + b TI 100 + ab 
= [? + ( 100 + aD 100 + ab 
(100 + a)(100 +b) = (100) 2 + lOOa + lQOb + ab 
= 100(100 + a + b) + 
:::: 1ooG. + (100 
= lOOtp + (100 
(109)(104) = (100 + 9)(100 + 4) 
m (113)(100) + 36 
.,. 11336 
+ bil 
+ a}} 
ab 
+ ab 
+ ab 
or 
or 
I 
·I 
II 
I 
ii 
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I, 
7 
Type Multiplying numbers that di:f:fer by two 
Rule 
Formula 
Proo:f 
Examples 
Square the number between the 
subtract l :from the result. 
a(a + 2) = (a + 1)2 - 1 
a(a + 2) = a2 + 2a 
= a2 + 2a + 1 
... (a + 1) 2 - 1 
(15)(17) - (16)(16) - 1 
= 255 
-
1 
(124)(126) - (125)(125) - 1 
= 15625 - 1 
= 15624 
two numbers 
li 
'I 33 
and 
I 
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Type 
Rule 
Formula 
Proof 
Example 
Squaring any two digit number by the binomial 
theorem, Method I 
Writing a two digit number as the sum of tens. and 
units permits squaring as a binomial. Square the 
tens digit and consider as hundreds; multiply the 
tens and units digit, double the product, and 
consider as tens; add these two products; square 
the units digits and add to the previous sum. 
(lOt + u) 2 "' Lt2 (100) + (tu) (2) (lo)J + u 2 
(lOt + u)2 = (10t) 2 + 2(10t) (u) + u2 
"" 100t2 + 2(10)tu + u 2 
= t2(100) + (tu)(2)10 + u2 
"" \:'_t2 (100) + (tu)2(lo)J + u 2 
(67) 2 = L6(10) + 7] 2 
= L96(100) + 42(2)10] + 49 
... L.36oo + 84o] + 49 
J::l 4440 + 49 
= 4489 
II 
I 34 
I 
,I 
I 
I 
I 
II 
II 
II 
I' 
,I 
I 
I 
l 
l 
!' 
Type 
Rule 
Formula 
Proof 
Example 
Squaring any two digit number by the binomial 
theorem, Method II 
Writing a two digit number as the difference of 
tens and units permits squaring as a binomial. 
Square the tens digit and consider as hundreds; 
multiply the tens and units digits, double the 
\ 
product and consider as tens; find the difference 
of these two products; square the units digits 
and add to the previous difference. 
(lOt - u)2 "" (_t2(100) - ( tu) 2 ( 10 )] + u2 
(lOt - u)2 • (10t) 2 - 2(10t)u + u 2 
= lOOt2 - 2(10)tu + u 2 
= t2(100) - tu(2)10 + u2 
"' 
\_t2 (100) - tu(2)lo] + u2 
(67) 2 = \_7(10) - 3] 2 
.. l49(100) - 21(2)10] + u2 
= L49oo - 42oJ + 9 
== l4480] + 9 
"" 4489 
35 
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Type 
Rule 
Formula 
Pro or 
Example 
Squaring any number using an auxiliary number 
To the number to be squared, add an auxiliary 
number to raise the number to a convenient 
multiplier. Multiply this by the result or 
decreasing the number by the auxiliary number 
and add the square or the auxiliary number. 
N2 = (N + a)(N- a) + a 2 
(N + a)(N- a) + a 2 = N2 - a2 + a2 a N2 
(985) 2 = (985 + 15)(985- 15) + (15) 2 
= 1000(970) + 225 
= 970225 
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Type 
Rule 
Formula 
Proof 
Example 
Multiplying two numbers which have a common 
difference from a number whose square is 
recognized 
Square the intermediate number and subtract the 
square of the common difference. 
If N a the intermediate number and d a the 
difference then (N + d) • one number and (N - d) 
.. the other. 
(N + d)(N- d) = N2- d2 
(63)(57) = (60 + 3)(60- 3) 
"" (3600 - 9) 
= 3591 
37 
·\ 
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Type Squaring two digit numbers ending in 5 
.Rule To the square of 5 as the last two digits annex 
the product of the tens digit by one more than 
itself. 
Formula 
Proof 
Example 
(lOa + 5) 2 = 100 ~(a + 1)] + :e5 
(lOa+ 5) : 100a2 + (2)(10)(5)(a) + (5)2 
= 100a2 + lOOa. + 25 
= lOOa(a + 1) + 25 
m 100 La ( a + 1 )J + 25 
(35) 2 • 1oo [3(3 + 1)] + 25 
= 1oo l_3(4)] + 25 
= 1200 + 25 
= 1225 
I 
II 
I[ 
! 
I 
II 
·i 
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~ype Squaring a number ending in 25 
Rule Write the square of 25 (625) as the last three 
digits. Multiply the rest of the number by 5 
and to this result add 10 times the square of 
ForlilUla 
Proof 
Example 
the number to obtain the remaining digits. 
(loot + 25) 2 = 625 ·+ L5t + t 2 (lo)] \:.1ooo] 
(lOOt + 25) 2 = 10000t2 + 200t(25) + 625 
= 10000t2 + 5000t + 625 
= lOOO(t)2 10 + 5t(l000) + 625 
... 625 + [5t + lO(t2 )] 1000 
(725) 2 = l_<7) c1oo) + 25] 2 
"" 625 + 1._(5) (7) + (49) (lo)] [1ooo] 
,.. 625 + [ 35 + 490] llOOO] 
= 625 + (525)(1000) 
IC 525625 
II 
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Type To square a 50 number 
Rule Add 25 to the unit digit to obtain the ~irst two 
digits.. Square the unit digit to obtain the last 
two digits. 
Formula (50 + a)2 = 100(25 + a) + a2 
Proo~ (50 + a)2 = 2500 + lOOa + a2 
= 100(25 + a) + a2 
Example (56) 2 = 100(6 + 25) + (6)2 
= 100(31) + 36 
- 3100 + 36 
:=: 3136 
i! 
!I 
I' 40 
i 
l 
II 
T~e 
Rule 
Formula 
Proof 
Example 
Squaring a 40 number 
To square a 40 number subtract from 25 the 
difference between the number and 50 to obtain 
the first two digits. Square the difference to 
find the last two digits. 
(50 - a) 2 = 100(25 - a) + a 2 
(50 - a) = 2500 - lOOa + a 2 
= 100(25 - a) + a2 
(42) 2 = (50 - s) 2 
= 100(25-8) + (8) 2 
= 100(17) + (64) 
= 1764 
41 
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Type 
Rule 
Formula 
Proof' 
Example 
II 
Squaring a 60 number 
To square a 60 number add to 25 the di1'1'erence 
between the number and 50 to obtain the f'irst 
two digits. Square the di1'1'erence to f'ind the 
last two digits. 
(50 + a) 2 = 100(25 + a) + a 2 
(50 + a) 2 = 2500 + 100a + a 2 
= 100(25 + a) + a 2 
(63) 2 = (50 + 13) 2 
• 100(38) + (13) 2 
= 3800 + 169 
= 3969 
42 
II I· 
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Type Squaring a 90 number 
Rule Subtract fr0m 100 twice the differenee between 
Formula 
Proof 
Example 
the number and 100 to obtain the first two 
digits. Square the difference to obtain the 
last two digits~ 
(100 a)2 = 100(100 - 2a) + a2 
(100 a)2 = (100) 2 ~ 2(100)a + 
= 100(100 ~ 2a) + a2 
(93) 2 = (100 - 7) 2 
= 100 \1-oo = 2(7)] + (7)2 
= 100(86) + 49 
= 8600 + 49 
= 8649 
a2 
43 
,, 
II 
\ 
\\j, 
~\· 
e. 
Type 
Rule 
Formula 
Proof 
Example 
Squaring a 100 number 
Add to 100 twice the difference between the 
number and 100 to obtain the f.irst three digits. I 
Square the difference to obtain the last three 
digits. 
(100 + a) 2 = 100(100 + 2a) + a 2 · 
(100 + a) 2 =.1002 + 2(100)a + a 2 
= 100(100 ·+ 2a) + a2 
(107) 2 = (100 + 7) 2 
... 100 LlOO + 2 c7u + (7 )2 
= 100 \joo + 14] + 49 
= 11400 + 49 
= 11449 
l' 
I 
II 
I 
Type 
Rule 
Formula 
and Proof 
Examples 
CHAPTER V 
SHORTCUTS IN DIVISION 
To divide by the use of convenient divisors 
Find some convenient divisor which is an exact 
multiple of the present divisor. Multiply the 
dividend by that multiple and divide the result 
by the convenient divisor. 
H ... NK where D M M=K D 
190- (190)(8) ... 1520 = 15.2 
121 100 100 
2 
1350. (1350)(4) • l~oo. 54 25'""" . 100 
450 
-= 
371 
2 
2000 
-621 
2 
1600 
(450)(8) - 3600 = 12 
300 300 
= (2000)(8) ~ 16000 = 32 
500 500 
-= 
(1600)(3) - 4800 = 24 
66~ 
3 
255 
-= 15 
1525 
125 
200 200 
255(2) 510 = 17 
30 = 30 
(1525) ( 8) 
= = 1000 
45 
12200 = 12.2 
1000 
I 
,, 
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Type 
Rule 
Formula 
and Proof 
Examples 
Simplifying the divisor 
Multiply the divfdend and dfvisor by the same 
number. 
l':f _ N(K) D - D(K) 
3§.. = (36){2) = zg = 24 
l~ (l~) (:2} 3 
28. = ( 28) ( 2 J = .2§. = 8 
31" (3~) (2} 7• 
4~ = 42~ (4) = 170 = 17 
2~ c ~) (4)' 10 
Lr20- (Lr20)(4}- 1680- 56 
7I - r7l)<I.r> - 30 -2 \.:2 
il 
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Type 
Rule 
Formula 
and Proof 
Examples 
The breakdown method 
Express the divisor as a product of factors which 
can be divided mentally; divide by one of these 
factors; divide this result by the other factor. 
N 
H ... N = E where 
D KF F 
KF,.. D 
8800 = 8800 • 8800 = 1100 • 1100 = 122g 
--rr2 (8){9) , -8- , g- 9 
28431 = 28431 . 28431 = 3159 ,· 3159 = 351 81 (9) (9f, 9 -9-
........ :. ~ 
47 
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Rule 
Formula 
and Pro·of 
Example 
Dividing by a number whose complement is small 
See example. 
Remainder equals dividend ·(N) minus product of 
quotient and divisor (QD) 
R = N - QD or 
R = N - Q (100 - C) where D = 100 - C 
and R = N - 1 OO'Q -t QC 
. 78 98/7b8l~ 
686 
-~ 
78_4 
374 ~ 
100-2/~ 
+14 
b2l 
+16 
~ 
+ 6 
00 
768 _ 7 Subtract 700 from 100 - 768 and add 7 x 2 
821 = 8 Subtract 800 from 
100 821 and add 8 x 2 
~ = 3 Subtract 300 from 100 374 and add 3 x 2 
48 
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Type 
Rule 
Proof 
Type 
Rule 
Proof 
Type 
Rule 
Prooi' 
Rules for Divisibility 
Divisibility by 2 
If a number ends in a number divisible by 2 the 
entire number is divisible by 2. 
Let lOa + 2b represent a number ending in 2. 
Since 10 and 2 are each divisible by 2 the number 
is divisible by 2. 
Divisibility by 5 
If a number ends in 5 or 0 it is divisible by 5. 
Let lOa or lOa + 5 represent a number ending in 
0 or 5. Since 10 and 5 are each divisible by 5 
the number is divisible by 5. 
Divisibility by 10 
If a number ends in 0 it is divisible by 10. 
Let lOa represent a number ending in o. 
Since 10 is divisible by 10 the number is 
divisible by 10. 
49 
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Rule 
Proof 
Rule 
Proof 
Divisibility by 4 
If the last two digits of a number are divisible 
by 4 the number is divisible by 4. 
Let lOOK + A represent the number. 
Since 100 is divisible by 4, lOQK is divisible 
by 4 and the number is divisible by 4 provided 
A is. 
Divisibility by 8 
If the last three digits of the number are 
divisible by 8 the number is divisible by 8. 
Let lOOOK + A represent the number. 
Since 1000 is divisible by 8, lOOOK is divisible 
by 8 and the number is divisible by 8 if A is. 
50 
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II Type l 
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I Rule 
,, 
I 
I 
Proo.f 
Example 
Divisibility by 9 
A number is divisible by 9 i.f the sum o.f its 
digits is divisible by 9. 
N = lOOa + lOb + c 
= (9 + 1)2 a + (9 + l)b + c 
= ( 9 ) 2 a + 18a + a + 9b + b + c 
... 9 ( 9 + 2 ) a + · 9b + a + b + c 
= 9 [(9 + 2)a + b] +a+ b + c 
Since the first part of the number is divisible 
by 9 the whole number is divisible by 9 if the 
second part is, i.ea, i.f a + b + c is divisible 
by 9. 
3519 is divisible by 9 because 
3 + 5 + 1 + 9 = 18 which is divisible by 9. 
Boston University 
School of Education 
Liqrary 
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Divisibility by 3 
The number is divisible by 3 if the sum of its 
qigits is divisible by 3. 
In previous item it was shown that 
lOOa + lOb + c • 9 l_(9 + 2)a + b J + a + b + c 
The first part on the right is divisible by 3 and 
the whole number is divisible by 3 if the second 
part is, i.e., if a + b + c is divisible by 3. 
4851 is divisible by 3 because 
4 + 8 + 5 + 1 .,. 18 which is divisible by 3. 
52 
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Proof 
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Divisibility by 7 
If twice the unit digit subtracted from the rest 
of the number results in 0 or an integral product 
of 7, the number is divisible by 7. 
a - 2b • 0, M'7 or M(-7) 
N "" lOa + b 
2N == 20a + 2b 
"" 2la - ( a - 2b ) 
Since 2la is divisible by 7 the whole number is 
divisible by 7 if (a - 2b) is. 
4816 
12 
469 
18 
~ 
2 X 6 "" 12 
Subtract from 481 
2 X 9 • 18 
Subtract from 46 
is a multiple of 7 
53 
I 
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Type Divisibility by 11, Method I 
Rule A number is divisible by 11 if the sum of the 
Proof 
Example 
even digits subtracted from the odd Cti.gits is 0 
or divisible by 11. 
N = lOOOa + lOOb -¥ lOc + d 
= (11 - 1)3 a + (11 - 1)'2 b + (11 - l}c + d 
= (11}3 a - 3(11) 2 a + 3(11)a - a + (11) b 
2(1l}b + b + llc - c + d 
= ll (11}2 a - 3(ll)a + 3a + llb - 2b + d + 
b - c - a 
Since the first part of the number is divisible 
by 11, the whole number is div:ilsib1e by ll if the 
second part is, i.e., d + b- c-a. 
92807 is divisibl£ by 11 because 
Sum of odd digits is 7 + 8 + 
Sum of even digits is 0 + 
Difference of sums 
9 = 24 
2 = 2 
= 22 which is 
divisible by 11 
t 
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i 
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Type 
Rule 
Formula 
and Proof 
Divisibility by 11, Method II 
If in 3 digit numbers the sum of the first and 
third digits is equal to the middle digit. 
Same as previous item. 
473 891 121 
Divisibility by 11, Method III 
If the unit digit subtr~cted from the rest of the 
number results in 0 or an integral product of' 11, 
the number is divisible by 11. 
lOa + b = lla - (a - b ) 
253 
3 
22 
8217 
7 
814 
4 
77 
Subtract 3 from 25 
is a multiple of 11 
Subtract 7 from 821 
Subtract 4 from 81 
is a multiple of 11 
55 
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CHAPTER VI 
SUGGESTIONS FOR USE OF SHORTCUTS IN TEACHING 
It is not the purpose of th~s chapter to develop a 
complete lesson plan for the teaching of shortcuts, but 
rather to suggest that shortcuts should be introduced at 
appropriate times from elementary grades through high school. 
Because some shortcuts are fairly simple and can be 
understood in the lower grades and some are more complicated 
and should be taught in the higher grades, th~re should be 
no attempt to teach shortcuts as a unit. Rather than trying 
to follow a formal plan, it is felt that the most benefit 
will be derived when shortcuts are taught in conjunction 
with regular classroom work in mathematics. 
With this idea in mind, this chapter will offer 
suggestions as to how shortcuts could be introduced on 
occasions which will best impress the student with their 
value. 
In the elementary grades, after the pupil has learned 
how to add and subtract, the quick methods for addition and 
subtraction would be appropriate. During work in 
multiplication, if a student has difficulty in remembering 
the product of 14 and 16 one of the various short methods 
should help him. In this situation the pupil should be 
shown that the shortcut to produce the correct answer by 
56 
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li 
looking up the problem ia a table or by multiplying it out. 
The occasional introduction of a new shortcut during drill 
in multiplication might provide considerable class 
motivation. At this stage, as well as later on, speed 
contests in which students are encouraged to take advantage 
of shortcuts, would eacourage their use and serve to 
emphasize their value. 
Shortcuts could be used as a challenge to the gifted 
child to see how fast he could do his problems in basic 
computation. For the slow learners and less interested 
pupils the use of shortcuts might aid in learning the 
fundamental operations. 
In the lower grades the emphasis should be on the actual 
operation of the shortcut. As soon as the student has 
learned sufficient algebra, then equal importance should be 
attached to why it works. In a high school, class studying 
the square of binomials, it would be appropriate to introduce 
the shortcuts based on this operation. It would also be 
appropriate for the high school classes to work out proofs. 
It is at this level also that students could be encouraged 
to invent new shortcuts and develop their proofs. 
At all levels it probably would be poor policy to force 
the use of shortcuts. However, once an item has been 
presented to the class, the student as well as the teacher 
should be ~~ick t0 point out the advantage of a shortcut 
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used as well as how much quicker the answer would have beep. 
reached had an appropriate shortcut been used. If it so 
happens that certain shortcuts become a matter of habit, 
then they should be accepted without special mention. 
When a pupil is required to do computational problems 
and check his answers, shortcuts could be used to check the 
work done by normal methods. 
At the high school level a fairly comprehensive &tudy 
of shortcuts would be a suitable project for the mathematics 
club. The group might reproduce certain items for issue to 
the other students. 
As a final suggestion it is recommended that the 
teacher become familiar with the shortcuts contained in this 
work and then use it as a handy desk reference rather than 
as a text. It is felt that probably the most effective 
teaching of a shortcut would be to introduce it unexpectedly 
whenever a suitable situation arises. 
It is hoped that these few suggestions will give the 
teacher some appreciation of the value of shortcuts and 
that this collection will provide motivational and 
enrichment material for the mathematics classroom. 
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